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The relative uncertainties in the apparent densities and perme-
ability parameters for an individual sample were estimated from
uncertaintiesin thecontributingexperimentalparametersusingcon-
ventionalmethodology.1,2 For PICA specimens, the uncertaintiesin
the apparent densities are about 1% for Qq lca,v and Qq lca ,c ; 4% for Qq t ;
and 8% for Qq r,v . For SIRCA specimens, theseuncertaintiesare about
10% for Qq lca ,v and Qq lca ,c ; 14% for Qq t ; and 18% for Qq r,v . A detailed
uncertainty analysis for K0 and b has been given in Refs. 1 and 2.
The estimateduncertaintiesfor rigid tile specimensare C11/ ¡16%
for K0 and C7/ ¡4% for b. For the LCA materials these uncertain-
ties are raised to C21/ ¡26% for K0 and C17/ ¡14% for b, to
account for the uncertain sample length in the case of SIRCA and
the possibility of non-Darcian � ow contributions1 for PICA.

Discussion
The continuum permeabilities for transversely oriented virgin

PICA and SIRCA samples are on the order of 10¡11 m2 and
10¡15 m2 , respectively.Clearly, virgin SIRCA is much less perme-
able to gas � ow than virginPICA. PICA permeabilityis comparable
with that of unimpregnated � brous tile insulations such as LI-900
and FRCI-12,2 whereas SIRCA permeability is four orders of mag-
nitude smaller. The large difference in permeability between PICA
and SIRCA can be related to differencesin substratemicrostructure.
FiberForm is less dense than FRCI-12 and is composed of larger-
diameter � bers; i.e., »15-l m carbon � bers vs » 2- l m silica and
»8- l m Nextel® � bers. As a result, FiberForm has a much coarser
and more open microstructure than FRCI-12. The continuum per-
meabilitiesof the transverselyorientedFiberForm and FRCI-12 tile
substrates are on the order of 10¡10 and 10¡11 m2, respectively.2

From the experimental data, it is clear that silicone resin impregna-
tion of FRCI-12 restricts internal gas � ow much more than phenolic
resin impregnation of FiberForm. There are several possible mech-
anisms to explain this. First, pressure-driveninternalmass � ow in a
porousmaterialscalesto the thirdpower (at least)with thecharacter-
istic channel dimension. Thus, comparable resin loadings into sub-
strates with comparable densitiesare expected to cause greater � ow
restrictions in the material with the � ner microstructure. Secondly,
while resin impregnationpredominantlycoats the � bers, some web-
bing between � bers is possible and has been observed in scanning
electron microscope images. Such webbing would be more likely
in the � ner microstructure substrate (FRCI-12) and may contribute
to the very low continuum permeability of virgin SIRCA.

For PICA specimens, the continuum permeability is larger and
the slip parameter is smaller (on average) along in-plane directions
than along transverse directions. This result is consistent with the
anisotropicmicrostructureof the FiberForm substrate,which causes
the � ow path to be less tortuous and the mean distance between
gas-surface collisions to be longer along in-plane directions than
transversedirections.2 ThoughFRCI-12 substrateshavemicrostruc-
tural anisotropies similar to FiberForm, the transverse permeabili-
ties of the virgin SIRCA specimens are found to be comparable
with or greater than the in-plane permeabilities.This � nding gives
further evidence that the internal � ow properties of virgin SIRCA
are dominated by the microstructural changes produced by resin
impregnation.

As expected from the mass loss accompanyingpyrolysis,charred
specimensof bothPICA andSIRCA offer lessobstructionto the � ow
than virgin specimens.For PICA specimens, the relative changes in
K0 and b due to the pyrolysis process are larger for the transversely
oriented specimens than the in-plane oriented specimens. This re-
sult is consonant with the view that resin is likely to agglomerate
or web at � ber intersections during impregnation. Because � bers
are preferentially oriented normal to the transverse direction, ag-
glomerations at � ber intersections would offer more obstruction to
transverse � ow than in-plane � ow, and charring would thus have
a greater effect on transverse than in-plane permeability. The con-
tinuum permeability changes dramatically for SIRCA specimens
upon charring, increasing by three orders of magnitude. Moreover,
the underlying anisotropy of the FRCI-12 substrate is recovered;
in-plane oriented specimens of charred SIRCA are about twice as
permeable as transversely oriented specimens.

It is possible that the permeability of charred PICA in dif-
ferent heating environments, e.g., high-temperature, oxidizing at-
mospheres, could be greater than reported here; however, using
FiberForm substratepermeabilityparameters as approximationsfor
charred PICA would probably still overestimate the true char per-
meability.As with PICA, SIRCA char formationduring a particular
application will depend on the chemical environment and heating
rate to which the material is exposed. For the rapid exposure of
SIRCA to high heating rates in an oxidizing environment, evidence
exists for the formation of a glassy char layer, which appears to seal
the surface.4 In such an application, the composite permeability of
a partiallycharredSIRCA componentwould likely be closer to that
of virgin SIRCA. For lower heating-rateenvironments, where such
a glassy char layer does not form,5 SIRCA permeabilityshould tend
toward the char values reported here.
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Effect of Nonspherical Shape
on Oscillations of Levitated Droplets
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Nomenclature
a, b = major and minor axis of the oblate spheroid, cm
g = acceleration of gravity, cm/s2

I (l)
um = integral of product of three spherical harmonics

l, m = mode numbers
p, p0 = perturbed and hydrostatic pressure
pext = externally applied pressure force
R = equivalent spherical radius, cm
R1 , R2 = local radii of curvature of droplet surface
r ( h , v , t ) = shape of oscillating,deformed droplet
t = time, s
Nu = perturbed velocity
X ( h , v ), = static and oscillatory deformations
Z( h , v , t) of droplet
Ylm ( h , v ) = spherical harmonic for mode l, m
a 1, a 2, a 3 = dimensionless variables
b = exponential coef� cient of time dependence of Z
c = surface tension, dyne/cm
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D p = change in pressure across the droplet surface
f lm , v lm = coef� cients of oscillatory and static deformation for

mode l, m
h , v = azimuthal and polar angles in spherical coordinates
q = density, g/cm3

r = surface of droplet, surface pro� le
x lm = natural frequency for mode l, m , rad/s

I. Introduction

S URFACE tension determines the natural frequency of oscilla-
tion of an inviscid liquid droplet as evidencedby the Rayleigh–

Lamb equation1,2:

x ¤2
l D c l(l ¡ 1)(l C 2)/ q R3 (1)

The fundamental (l D 2) mode represents oblate-prolate oscilla-
tions, i.e., an alternating � attening and extension of the poles of the
droplet. Some other assumptions employed in Eq. (1) are medium
(in which the droplet levitates) of negligible density and viscosity,
amplitude of oscillations small relative to the size of the droplet,
restoring force arising solely from surface tension, and no rotation
of the droplet (to prevent centripetal and Coriolis forces). Whereas
some investigators3¡6 have addressed the effect of viscosity on the
oscillatory behavior of spherical liquid droplets, others7¡9 have fo-
cused on inviscid droplets whose equilibrium shapes are aspher-
ical because of the external force required to counteract gravity.
Few analyses have addressed the effect of the static deformation
on dropletoscillations.Cummings and Blackburn8 analyzed the be-
havior of the fundamental (l D 2) mode of an aspherical droplet
deformed by an electromagnetic levitating force and demonstrated
a splitting of the frequency spectrum caused by the deformation.
Suryanarayana and Bayazitoglu3,9 considered in detail the dynam-
ics of a viscous droplet in a viscous medium. Their work presented
criteria for neglectingthe effect of the outer medium and the viscos-
ityof thedropletitself.Theyanalyzedtheeffectof staticdeformation
from an arbitrary external force and applied their � ndings to acous-
tic and electromagnetic forces, calculating the frequency splitting
for modes l D 2, 3, and 4. Bayazitoglu and Mitchell10 and Mitchell
et al.11 presented experimental data and observations on the fre-
quency splitting and surface tension and viscosity of acoustically
levitated samples. The object of this work is to develop a general
theory for the dynamics of aspherical droplets useful in accounting
for interpreting frequency spectra more accurately.The effect of an
arbitrary static shape deformation on the time-dependent oscilla-
tions of a liquid is considered without regard to its speci� c cause.
The analysis is based on an inviscid, incompressible droplet oscil-
lating freely in a medium of negligible density and viscosity.

II. Analysis
Consider an inviscid, incompressibledroplet oscillating freely in

a medium of negligible density and viscosity. The presumption is
made that the ratio gR2D q / c is suf� ciently small so that the gravity
effect can be neglected.The equation governing the behaviorof the
droplet is

¶ Nu
¶ t

D ¡
1
q

r p (2)

where the equation is written for the perturbedquantities.When this
equation, along with the continuity condition, is solved, one � nds
that

r2 p D 0 (3)

When working in oblate spheroidal coordinates, � nding a solu-
tion for Eq. (3) becomes complicated. In this coordinate system
the Laplacian of the pressure is given by

r2 p D 1
b2 C e2 cos2 h

¶
¶ b

(b2 C e2)
¶ p

¶ b

C 1
sin h

¶
¶ h

sin h
¶ p

¶ h
C 1

sin2 h
¡

e2

b2 C e2

¶ 2 p

¶ v 2
(4)

where
e D (a2 ¡ b2)0.5

Noticing that, for a small asphericity (b À e), the solution for the
pressure is the same as in spherical coordinates,we use the solution
in spherical coordinates as an approximate solution. The approxi-
mate solution is given by

p D p0 C
1X

l D 1

lX

m D ¡l

b q

l
a1r

l e¡ b t Ylm ( h , v ) (5)

where r is the radial coordinate and Y is a spherical harmonic. In
addition, the dependenceon time is assumed to be of the form e¡ b t .
The real part of b is the damping or ampli� cation factor, with the
damping occurring for the positive real part. The imaginary part is
the frequencyof oscillations.When b is purely imaginary(suchas in
the inviscid case), undamped oscillationsoccur. The radial velocity
w is obtained as

w D 1
r

1X

l D 1

lX

m D ¡l

a1r
l e¡ b t Ylm ( h , v ) (6)

In applying the boundary conditions the effect of static shape de-
formation as well as time-dependentoscillations must be included.
Therefore the assumption is made that the perturbed radius of the
sphere (at the surface) may be expressed as a function of the equiv-
alent spherical radius R:

r D R C X ( h , v ) C Z ( h , v , t ) (7)

where the staticdeformation X ( h , v ) and the time-dependentdistor-
tions Z( h , v , t) can be expanded in terms of independent spherical
harmonics as

X ( h , v ) D
1X

u D 1

uX

v D ¡u

XuvYuv( h , v )

(8)

Z ( h , v , t ) D
1X

p D 1

pX

q D ¡p

| pqe¡ b t Ypq ( h , v )

Thus the surface of the droplet at any time is given by the equation

r D r ¡ [R C X ( h , v ) C Z ( h , v , t )] D 0 (9)

In thiswork the subscripts p, q , u, andv aredroppedunless there is a
possibilityof ambiguity,and in writing the sphericalharmonic func-
tions their dependence on the angles is understood. The boundary
conditions applied to the surface r D 0 in the equations of mo-
tion are the kinematic condition and the normal force balance. The
kinematic condition simply states that w D ¶ Z / ¶ t at the surface or

1
(R C X C Z)

1X

l D 1

lX

m D ¡l

a1(R C X C Z )l e¡ b t Ylm

D
1X

l D 1

lX

m D ¡l

¡ | lm b e¡ b t Ylm (10)

because it refers to the surface. Expanding by using the binomial
theorem, neglecting terms of the order Z 2, X3 , and higher, and em-
ploying the orthogonalityof spherical harmonics,

Z Z
YlmY ¤

l0m 0 sin h dh dv D d ll 0 d mm 0 (11)

the kinematic condition becomes

a1

R2
R l

2

4R C (l ¡ 1)
1X

u D 1

uX

v D ¡u

Xuv I (l)
um C (l ¡ 1)(l ¡ 2)

2R

£

Á
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

!2
3

5 D ¡ f lm b (12)
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where

I (l)
um D

Z Z
YlmY ¤

l 0m 0 Yuv ds

The normal force balance condition at the surface is written as

D p D c (1/ R1 C 1/ R2) (13)

where D p, the pressureexcess at the surface, is given by Eq. (2) and

1/ R1 C 1/ R2 D r ¢ On (14)

where On is the unit outward normal to the surface

On D r r / jr r j (15)

and hence

r ¢ On D r2 r / jr r j C r r ¢ r(1/ jr r j) (16)

Using Eq. (16), 1/ R1 C 1/ R2 can be expressed in terms of X and
Z . Substituting for r in Eq. (16) and replacing b2 C e2 cos2 h by
(R C X C Z)2 , we have

r ¢ On D
a 1

a 2(R C X C Z)
C

OL2(X C Z )
a 2(R C X C Z )2

C a 3 (17)

where the operator

OL2 D ¡ 1

sin h

¶
¶ h

sin h
¶
¶ h

¡ 1

sin2 h
¡

e2

b2 C e2

¶
¶ v 2

a 1 D 2b ¡ 3e4 cos4 h

4b3
C

e4 cos2 h

b3
¡ 3e6 cos4 h

2b5

¡ 2e2 cos2 h

b
C

e2 sin2 h

b
C

e4 cos4 h

b3

¡ 3e4 cos2 h sin2 h

2b3

,
(b2 C e2 cos2 h )0.5

a 2 D (b2 C e2)0.5

(b2 C e2 cos2 h )0.5
1 ¡

e2 cos2 h

2b2
C 3e4 cos4 h

8b4

For the surface under consideration, Eq. (16), after neglecting
higher-order terms, becomes

r ¢ On D
a 1

a 2 R
1 ¡

X

R
¡

Z

R
C

X 2

R2
C 2X Z

R2
¡ 3X 2 Z

R3

C 1
a 2 R2

OL2 X C OL2 Z ¡ 2X OL2 X

R
¡ 2Z OL2 X

R
¡ 2X OL2 Z

R

C 6X Z OL2 X

R2
C 3X2 OL2 X

R2
C a 3 (18)

In arriving at Eqs. (12) and (18), terms of order X3 , Z 2, and higher
have been neglected, which is justi� ed for a small-amplitude os-
cillation and a moderate static deformation. Notice, however, that
terms of order X Z have been retained. The X Z terms are the � rst-
order effect of the static shape deformation on the time-dependent
oscillation terms. If X Z terms were to be neglected, the problem
would separate into a static part and a time-dependent part, each
independentof the other. In such a case, the static deformation and
the oscillations can both be calculated, but the solution would fail
to reveal the in� uence of this static deformationon the oscillations.
Because X Z represents the interrelation of the static and dynamic
parts of the problem, the X Z terms must be retained if this effect is
of concern, as it is in this work.

Now substituting Eqs. (5) and (18) into Eq. (13), simplifying,
and employing the orthogonality of spherical harmonics, the time-
dependent part becomes

b q a1

l a 4
Rl¡1

8
<

R C l
1X

u D 1

uX

v D ¡u

Xuv I (l)
um C

l(l ¡ 1)
2R

£

"
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

#2
9
=

; D
c f lm

a 2 R2

ÁÁ
¡ a 1 C

2 a 1

R

£
1X

u D 1

uX

v D ¡u

Xuv I (l)
um ¡ 3 a 1

R2

"
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

#2

C l(l ¡ 2) a 5 C l a 6 ¡ 2
R

1X

u D 1

uX

v D ¡u

Xuv I (l)
um

£ f[l(l ¡ 2) C u(u ¡ 2)] a 5 C (l C u) a 6g

C
3
R2

1X

u D 1

uX

v D ¡u

Xuv I (l)
um

1X

u D 1

uX

v D ¡u

Xuv I (l)
um

£ f[l(l ¡ 2) C 2u(u ¡ 2)] a 5 C [l C 2u]a 6g

!!
(19)

where

a 4 D
¶ r

¶ b
, a 5 D

b4 C e2b2

(b2 C e2 cos2 h )2

a 6 D 3b2 C e2

b2 C e2 cos2 h

In Eqs. (12) and (19) we have integrals of the products of three
spherical harmonics of the form

Z Z
Ylm Y ¤

l 0m 0 Yuv ds (20)

in which integration is over all solid angles. In this work these
integrals are evaluated using the Graunt formula in terms of the
Wigner 3- j symbols.

III. Results and Discussion
A. Frequencies of Oscillation

For an inviscid droplet b is purely imaginary, and Eqs. (12) and
(19) must be solved simultaneously to obtain x lm . Eliminating a1

between the two equations, expandingusing the binomial theorem,
neglectingterms of order X 3 and higher, and noting that a 4 D 1, the
frequencies of oscillation are obtained as

( x lm )2 D
c l

q R3 a 2

ÁÁ
¡ a 1 C l(l ¡ 2) a 5 C l a 6

C
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

R
f3 a 1 ¡ [3l(l ¡ 2) C 2u(u ¡ 2)]a 5

C (3l C 2u) a 6g C
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

R2

1X

u D 1

uX

v D ¡u

Xuv I (l)
umf¡6 a 1

C [6l(l ¡ 2) C 8u(u ¡ 2)]a 5 C (6l C 8u) a 6g

!!
(21)

Before attemptingto calculatethe frequenciesfor any mode, a limit-
ing conditionis applied to Eq. (21). When there is no static deforma-
tion (e and X are zero), the solution reduces to Eq. (1), as expected.
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B. Inclusion of Surface Force

Assume an arbitrary force that acts at the surface of the droplet
and causes a distortion of the droplet static shape. We assume that
the interaction between the drop oscillation and the external � eld
is negligible. In general, the force can be expanded in terms of
spherical harmonics as

Pext D
X

Cn
l ,m

R C X C Z

R

n

Ylm ( h , v ) (22)

This is a Taylor-series expansion of an arbitrary function about the
origin in sphericalcoordinates,and Pext is assumed to be suf� ciently
continuous. The surface condition

d p D c (1/ R1 C 1/ R2) C Pext (23)

can now be applied. The time-dependent terms in the complete sur-
face condition give after simpli� cation

( x lm )2 D
c l a 4

q R3 a 2

ÁÁ
¡ a 1 C l(l ¡ 2) a 5 C l a 6

C 2
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

R
f a 1 ¡ [l(l ¡ 2) C u(u ¡ 2)] a 5

C (l C u) a 6g C 3
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

R2

1X

u D 1

uX

v D ¡u

Xuv I (l)
umf¡ a 1

C [l(l ¡ 2) C 2u(u ¡ 2)] a 5 C [l C 2u] a 6g C
X n

R
C n

uv I (l)
um

!!

£

0

@

0

@1 ¡

8
< 1X

u D 1

uX

v D ¡u

Xuv I (l)
um C [(l ¡ 1)/ R]

£

"
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

#2
9
=

;

, 8
<

R C l
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

C [l(l ¡ 1)/ 2R]

"
1X

u D 1

uX

v D ¡u

Xuv I (l)
um

#2
9
=

;

1

A

1

A (24)

IV. Conclusions
In this work the oscillations of an oblate spheroid shape invis-

cid droplet subjected to external forces have been considered. The
analysis developed can be extended to consider different static de-
formation shapes. We have explained the frequency splitting fre-
quentlyobserved in experiments and are able to interpret these split
spectra more accurately in thermophysicalproperty measurements.
Comparisons between experiment data and analytical predictions
concerning the frequency splitting of deformed levitating droplets
are instructive for evaluating the state of knowledge of the forces
acting on a levitated droplet.
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Interaction of Radiation
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Nomenclature
f = dimensionless stream function,

(Gr/ 4)¡1/ 4 w (x , y)/ (4 m )
Gr = Grashof number, g k jTw ¡ T1jx3/ m 2

g = acceleration caused by gravity, m/s2 ,
dimensionless intensity function

Ib(T ) = blackbody radiation intensity, W/m2-sr
I C( t , l , n ) = radiation intensity for positive values of l ,

W/m2-sr
I ¡( t , ¡ l , n ) = radiation intensity for negative values of l ,

W/m2-sr
k = thermal conductivity,W/m-K
Nc = conduction-radiation number D kb / 4r T 3

w

Pr = Prandtl number, m / a
p( l , l 0) = slab-scatteringphase function
p( l p) = single-scatteringphase function
Qr = dimensionless radiative heat � ux, qr / 4 r T 4

w

qr = radiative heat � ux, W/m2

q t
w = total heat � ux from wall, W/m2

T = temperature,K
Tw = hot-plate temperature, K
T1 = ambient temperature, K
u = x-direction velocity component, m/s D ¶ w / ¶ y
v = y-direction velocity component, m/s D ¡ ¶ w / ¶ x
x , y = coordinates respectively in the parallel and

perpendiculardirections of the plate, m
a = thermal diffusivity, m2/s

Received 26 May 1998; revision received 11 January 1999; accepted for
publication 15 February 1999. Copyright c° 1999 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

¤Engineer; currently Research Scholar, Indian Institute of Science, Ban-
galore 560 012, India.

†Head, Thermal Design Section, Thermal Systems Group.
‡Assistant Professor, Mechanical Engineering Department.


